Abstract. A closed expression is given for the generating functions of (virtual) Poincaré polynomials of moduli spaces of semi-stable sheaves on the projective plane P 2 with arbitrary rank and Chern classes. To classify and study these generating functions, the notion of Appell functions with signature (n + , n − ) is introduced. For n − = 1, these novel functions reduce to the known class of Appell functions with multiple variables or higher level.
Introduction
Moduli spaces and their topological invariants are of fundamental interest for mathematics and physics. The Donaldson-Uhlenbeck-Yau theorem [8, 39] rigorously establishes the close relation between moduli spaces of instanton solutions in Yang-Mills theory and moduli spaces of semi-stable vector bundles and sheaves. A lot of progress is made in recent years on the properties and computation of topological invariants of these moduli spaces for rational and 1 ruled algebraic surfaces. Among the important used techniques are wall-crossing [43, 44, 45, 29, 31, 21] , toric localization in moduli spaces [24, 41] , and the Hall algebra [33] .
Generating functions of topological invariants of moduli spaces exhibit often interesting arithmetic and modular properties. On the arithmetic side, the topological invariants are known to equal counts of (colored) partitions for rank 1 sheaves [13] , dimensions of representations of the Mathieu group for the K3 surface [9, 20] , and class numbers for rank 2 sheaves on the projective plane P 2 [22, 40, 46] . The appearance of modularity is understood physically by the relation to gauge theory, and the SL(2, Z) electric-magnetic duality group of this theory. The path integral of topologically twisted N = 4 supersymmetric Yang-Mills theory with gauge group U(r) (also known as Vafa-Witten partition function) can be shown to enumerate basic topological invariants as the Euler number and Poincaré polynomial of the moduli spaces of vector bundles of rank r [40] . The electric-magnetic duality group then implies modular transformation properties for the generating functions of these invariants.
The class of rational and ruled surfaces allows to study the generating functions very explicitly, and in particular their dependence on the polarization J. In the limit of vanishing volume of the fibre of the ruled surface, the generating functions of the topological invariants take the form of a beautiful infinite product formula [31, 33] which transforms as a Jacobi form [11] under modular transformations. Application of wall-crossing formulas [23, 17, 18] allows to determine the invariants for other choices of the polarization J. The change of polarization is taken into account by so-called indefinite theta functions [14, 29, 47] . These are convergent and holomorphic sums over a subset of an indefinite lattice of signature (r − 1, r − 1). They typically destroy the nice modular transformation properties. However using the theory of mock modular forms [48] , one can add a specific non-holomorphic completion such that the modular properties are restored for rank 2 [40, 30] . The non-holomorphic completion is however not very well understood from gauge theory, and the holomorphic anomaly equation is only conjectured for r > 2 [34] .
In this brief note we derive a closed expression for the generating functions for arbitrary rank r and Chern classes. This closed form is given by Equations (3.10) to (3.13). For rank 3, the function simplifies considerably the expression given in [29] , and also allows to relatively quickly determine invariants for r > 3. The key to this simplification is the fact that the wall-crossing formula of Joyce [17] for virtual Poincaré polynomials is very suitable for application in generating functions. 1 For r = 2, we find immediately the familiar Appell functions [43, 30] . To describe the functions for r ≥ 3, we introduce the notion of Appell functions with signature (n + , n − ). Appell functions with signature (n + , 1) reduce to the multi-variable and higher level Appell functions previously described in the literature [36, 48] . The novel form of the generating functions is much more suitable for the study of their arithmetic and modular properties than the form in [29, 30] . The properties are currently being determined [42] .
Appell functions have by now a wide variety of applications in number theory, algebraic geometry and mathematical physics [10, 40, 35, 19, 47, 36, 27, 28, 38, 9, 6] . The functions found here for N = 4 Yang-Mills theory have even more subtle transformation properties, which are also likely to appear in other contexts. We mention only a few here:
• Yang-Mills theory on P 2 and Σ 1 is a very useful model for the more difficult problem in string theory of D4-D2-D0 branes supported on divisors in Calabi-Yau 3-folds [26] .
This problem is relevant for describing black holes in R 3,1 in N = 2 supergravity.
From the string theory perspective, the modular properties of the generating functions are also important to understand S-duality of IIB string theory [1] . The period integrals which appear in the modular completion of the generating function and which render the partition function continuous as function of the stability parameters are expected to be related to twistor integrals occuring in the Darboux coordinates.
Recently it was proposed that these integrals also occur in the multi-particle Witten index for N = 2 supersymmetric theories in R 3,1 [2] .
• Another interesting aspect of the generating functions is that they are expected to appear as partition functions of two dimensional theories. The 6-dimensional M5-brane of M-theory relates N = 4 Yang-Mills to a 2-dimensional field theory on an elliptic curve [26, 40, 16, 32, 12] . It would be interesting if the generalized Appell functions with signature (n + , n − ) could be derived from this point of view.
• Application of the wall-crossing for virtual Poincaré polynomials (2.2) will also simplify the analysis for other complex surfaces and give in this way more examples of the generalized Appell functions. A particularly interesting surface is 1 2 K3 (the rational elliptic surface), for which the Vafa-Witten partition function equals (for suitable J) the partition function of topological strings [34] .
1 Toda [37] pointed out recently that application of the wall-crossing formula of Joyce for numerical invariants (Euler numbers) [18] is compatable with the theory of indefinite theta functions.
• The usual Appell functions are known to appear as global sections of rank 2 bundles on elliptic curves [35] . Properties of the Appell functions can be understood as A ∞ constraints of the Fukaya category of the elliptic curve. It would be interesting to explore whether generalized Appell functions have similarly an interpretation as global sections of rank r > 2 bundles on elliptic curves.
The outline of this note is as follows. We start in Section 2 with a brief review of the wall-crossing formula for virtual Poincaré polynomials. In Section 3 we apply this to the rational surfaces P 2 and Σ 1 and derive the closed form for arbitrary rank. In Section 4 we discuss the classical Appell function and introduce a larger class of Appell functions with signature (n + , n − ). The generating functions of Section 3 have are specializations in terms of the generalized Appell functions.
(2.1)
Most of the discussion in this article considers generating functions of so-called virtual Poincaré polynomials I(γ, w; J) of the moduli stack M J (γ) of µ-semi-stable sheaves with respect to J [17] . Their formal definition is rather abstract and involved [17] , however their change under variations of J (wall-crossing formula) as well as their generating functions take a rather simple form. Conjecturally, they uniquely determine the integer BPS invariants Ω(γ, w; J) appearing physics. See Section 3 for the conjectured, but explicit, relation between the I(γ, w; J) and Ω(γ, w; J).
To state the change of I(γ, w; J) under wall-crossing, we define the function S({γ i }, ϕ, J, J ′ )
If for all i = 1, . . . , ℓ − 1 we have either
k where k is the number of i = 1, . . . , ℓ − 1 satisfying (a).
Ref. [17] shows that for surfaces whose anti-canonical class −K S is numerically effective, the change of the invariants I(γ, w; J) under wall-crossing is expressed in terms of
Theorem 2.2. Under a change of polarization J → J ′ , the invariants I(γ, w; J ′ ) are expressed in terms of I(γ, w; J) by:
The orderings ≤ and > in Definition 2.1 are to be replaced by the lexicographic ordering, and ≻, respectively. In the following, we will consider mostly µ-stability and we therefore
We will restrict the computations in this article to only two rational surfaces, namely the projective plane P 2 and its blow-up, the Hirzebruch surface Σ 1 . Let C ∼ = P 1 be the base curve and f ∼ = P 1 be the fibre of Σ 1 , then H 2 (Σ 1 , Z) = ZC ⊕ Zf , with intersection numbers
The anti-canonical class K Σ 1 is numerically effective and given by −K Σ 1 = 2C + 3f . We parametrize the closure C(S) by:
The blow-up of P 2 be given by φ : Σ 1 → P 2 . The exceptional divisor of φ is C, and the hyperplane class H of P 2 is the pullback φ * (C + f ).
Generating functions for I(γ, w; J)
Before defining and determining the generating functions, we briefly recall the relations between the virtual Poincaré polynomials and integer and rational BPS invariants. The rational BPS invariantΩ(γ, w; J) is defined in terms of I(γ, w; J) by the relation [17] :
with inverse:
At generic points of the polarization, away from walls of marginal stability and boundary points, theΩ(γ, w; J) can be further related to Laurent polynomials P (γ, w; J) ∈ Z[w,
which are symmetric under w ↔ w −1 . To this end, define Ω(γ, w; J) by:
where µ(m) is the arithmetic Möbius function. Eq. (3.2) has inverse:
Then away from walls of marginal stability Ω(γ, w; J) takes the form:
where P (γ, w; J) is a Laurent polynomial symmetric under w ↔ w −1 . The integer BPS
invariants Ω(γ; J) are obtained from these by
and similarly for the rational numerical invariantsΩ(γ; J).
If γ is primitive and semi-stability implies stability than the moduli space M J (γ) is smooth and compact and w dim C M J (γ) P (γ, w; J) equals the Poincaré polynomial
. If semi-stable does not imply stable, the precise cohomological meaning of P (γ, w; J) is not completely clear. But following [44] one expects that the Laurent polynomial gives dimensions of intersection cohomology groups.
We now define the two generating functions H r,c 1 (τ, z; J) and h r,c 1 (τ, z; J) with Im(τ ) > 0 and z ∈ C\{poles}. As usual, we let q := e 2πiτ and w := e 2πiz . The generating series are then defined as:
where ∆(γ) is the discriminant defined by:
∈ Q, and χ(S) the Euler number of the surface S. The second class of generating functions h r,c 1 (τ, z; J) is defined by:
and is argued to equal the path integral of N = 4 Yang-Mills for w → −1 [40] . Using (3.2), h r,c 1 (τ, z; J) can be expressed in terms of H r,c 1 (τ, z; J) and vice versa. In the following we will consider only two surfaces, the Hirzebruch surface Σ 1 and the projective plane P 2 . We let H r,c 1 (τ, z; J) be the generating function for invariants of Σ 1 with respect to the polarization J, and H r,c 1 (τ, z; P 2 ) the generating function for P 2 which has no explicit dependence on its polarization.
Mozgovoy [33] proved using the Hall algebra of P 1 the conjecture in [31] that the generating functions H r,c 1 (z, τ ; J) take a particularly simple form for J = J 0,1 = f . One has:
with
To determine the generating functions H r,c 1 (z, τ, P 2 ) we use the techniques originally put forward by Yoshioka [43] : change of polarization from J 0,1 to J 1,0 using Theorem 2.2 followed by the blow-up formula. Let φ : Σ 1 → P 2 be the blow-up map of a point of P 2 , such that
is the pull back of the first Chern class of sheaves on P 2 . Then one has [45, 15, 25] :
The crucial step to determine H r,c 1 (z, τ ; P 2 ) is to obtain a closed form for H r,c 1 (z, τ ; J 0,1 ).
This is given by the following proposition. 
where {λ} = λ − ⌊λ⌋ is the rational part of λ.
Proof. Substitution of Eq. (2.2) gives for the generating function:
where ∆({γ i }) is the discriminant of a filtration 0 ⊂ F 1 ⊂ F 2 ⊂ · · · ⊂ F ℓ = F of the sheaf F , whose quotients E i = F i /F i−1 have Chern character γ i . The discriminant ∆({γ i }) is expressed in terms of γ i = (r i , c 1,i , ch 2,i ) by:
Since S({γ i }, J, J ′ ) is independent of the ch 2,i , i = 1, . . . , ℓ, the sum over ch 2,i can be replaced by H r i ,c 1,i (z, τ ; J 0,1 ):
Furthermore, from Equation (3.9) we know that H r,c 1 (z, τ ; J 0,1 ) vanishes for c 1 · f = 0 mod r. Therefore the only contributing terms in the sum in Eq. (3.16) are of the form
We parametrize the total first Chern class as c 1 = bC − af , such that the sets {a i } and {b i } have to satisfy
We continue with bringing H r,bC−af (z, τ ; J 1,0 ) to a form which allows to carry out the sums over a i , i = 2, . . . , l of the different contributions.
First, after substitution of
We now make the following change of variables:
This transforms the second line of (3.17) to:
which can be further simplified to:
The exponent of w in Eq. (3.14) is easily evaluated in terms of a i and b i :
Replacing a 1 as before this becomes:
The substitution (3.18) then gives:
Now we come to the third term of the summand in (3.16): S({γ i }, J, J ′ ). Interestingly, this can be written as a product of differences of signs, which are familiar from the literature on indefinite theta functions [14, 47] . To this end, define:
Then:
where v 1 > 0 is a sufficiently small positive constant such that
where 0 < v 2 < 1. Making again the substitution for a 1 brings the argument in the second sign to the form:
With the substitution (3.18), this simplifies to:
We now observe that the sum over the s i 's are simply geometric sums and can be carried out if z is such that |w −4 | < 1 and |w 4 q| < 1. This gives brings Ψ (r 1 ,...,r ℓ ),(a,b) (z, τ ) to the following form:
which can immediately be analytically continued to z ∈ C\{poles}. To bring it to the simpler form (3.13), one proves easily with induction on ℓ that:
Substitution of these expressions in Equation (3.25) gives the proposition. Note that it is manifestly invariants under shifts of (a,
We note that Proposition 3.1 gives already for r = 3 much simpler expressions than those in [24, 41, 29, 31] . This allows to rather quickly determine the invariants. We have verified that the first coefficients of H r,c 1 (z, τ ; P 2 ) reproduce those in all known cases.
We finish this section with an example. We compute the integer invariants Ω(γ, w; P 2 )
of sheaves on P 2 with (r, c 1 ) = (4, 2H). Eq. (3.1) shows that we need to determine both
The only contributing term of the sum Σ r 1 +···+r ℓ =2 with solutions to r 1 b 1 + r 2 b 2 = 1 in Eq.
(3.12) is (r 1 , r 2 ) = (1, 1). This gives immediately the result of Yoshioka [43] :
For H 4,2H (z, τ ; P 2 ) the contributing terms in the sum Σ r 1 +···+r ℓ =r are (r 1 , . . . , r ℓ ) = (3, 1),
(1, 3), (2, 2), (2, 1, 1), (1, 2, 1), (1, 1, 2) and (1, 1, 1, 1) . The different Ψ (r 1 ,...,r ℓ ),(a,b) (z, τ ) with (a, b) = (−2, 2) are given by:
Summing up these functions as prescribed by Proposition 3.1 one determines H 4,2C+2f (z, τ ; J 1,0 ).
After application of the blow-up formula and using the formulas in Section 3, one obtains the integer invariants for Gieseker semi-stable sheaves on P 2 with γ = (4, 2H, ch 2 ):
Taking the limit z → 
which is a meromorphic function of u ∈ C, and holomorphic in τ ∈ H and v ∈ C. It is wellknown that the transformation properties of A(u, v, τ ) are not exactly those of a modular or Jacobi form [36, 47] . However, define the "completed" Appell function as:
and E(x) = 2
x 0 e −πu 2 du. Then A(u, v, τ ) satisfies the following properties [48] :
(1) Modular transformations: for a b c d ∈ SL(2, Z)
(2) Elliptic transformations: for k, l, m, n ∈ Z
(3) Periodicity relation:
(4) They can be seen as coefficients of a meromorphic Jacobi form:
Appell functions with signature (n + , n − ). Based on characters of conformal field theory [19, 36] , various generalisations of the classical Appell functions are proposed. In particular the higher level Appell functions [36] and the multivariable Appell functions [19, 48] . Appell functions appear also in the context of N = 4 black holes [6] . And of course in this paper we see that Equation (3.26) contains A(u, v, τ ) with u and v appropriately specialized.
The functions Ψ (r 1 ,...,r ℓ ),(a,b) (z, τ ) for ℓ > 2 form an interesting extension to the known class of Appell functions. To describe and study these functions in more detail, we introduce
Appell functions with signature (n + , n − ). These functions depend on a n + -dimensional
We have furthermore an n + by n − matrix M such that the following determinant does not vanish:
The "signature" of the Appell function can thus be seen as the signature (n + , n − ) of the above matrix. The column vectors of M are denoted by m i ∈ Λ * , i = 1, . . . , n − . We furthermore have a vector m 0 ∈ Λ × Q, two complex vectors u = (u 1 , . . . , u n − ), v = (v 1 , . . . , v n + ) ∈ Λ ⊗ C of length n − and n + respectively, and a constant R ∈ Q. In terms of this data we define an
Appell function of signature (n + , n − ) as a function of the form: 
